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Primary aim using a Quantum Computer

e Simulate dynamics of a Quantum system
* More efficiently than a Classical computer !

* Trotterization

H=A+B [ = {(A+B)t U = (e—i(A+B)t/r)r
In general, [A, B] # 0
U, = eAtre=iBYT 1 O((t/7)?)
After r steps,

Error(e) =~ r.(t/r)* = t*/r
rat?/e =0(1/e)

e Even for higher order Trotter-Suzuki approximations, error scales polynomially

e Can we do better?



Linear Combination of Unitaries

 Decompose the Hamiltonian into a linear
combination of Unitaries (H;)

* Split the Evolution operator into r segments

* Approximate each segment with a Taylor
expansion up to K order

* Implement U (U,)

Note:
The operator U may not necessarily be Unitary

U == (j_th = (j(_iH—:v‘)r

BE L o
U "“Z Z (_Zt/r)ka ay, Hy, o H, (1)
7 ! ly---Q L2y, - 1],

Comparing with Eq. 1

t/r)k ok
B = ( é') Q..o V; = (=i)*Hy,... Hy,

[1] R. Kothari, Ph.D. thesis, University of Waterloo (2014).
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* Prepare the auxiliary qubitin a
superposition state

* We can repeat this procedure
multiple times for each segment
U.- and thereby apply the
Evolution operator

Note:
Probability of success is very low

Consider a m-dimensional unitary B to prepare the auxiliary state

—

By == VAl  s=X 4

3
L
3

<
|
()
<.
Il
()

Implementing V; as, for any j € {0,1,...,m — 1}

select(V) |5) [¥) = 13) V; [¥)

Define:
W = (B'®1)(select(V))(B®1)

Il ~ 1
W10} [9) = ~10) T 1) + /1= 5 I9)

where, |¢) is a state whose auxilary state is orthogonal to |0)
Finally, using P = |0) (0| ® 1,
1 -
PV [0) ) = [0) T |4}

Probability of success is 1/s?




Recap: Grover’s search algorithm (Amplitude Amplification)

Initial state can split into the desired state and an
orthogonal subspace with the remaining components w)

Step 1: Reflect about the bad subspace

Step 2: Reflect about the initial state

Therefore, we end up rotating the initial state by 0
where, 8/2 is the initial angle

|¥i) = sin <g> |Good) + cos <g> | Bad) 0/2

After p repetitions of Grover operator, / 0/ > ’ S )
2p +1 2p + 1 L
|¥s) = sin (#) |Good) + cos (W) | Bad) i
U ls)

By Danskil4 - Own work, CC BY-SA 3.0
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Oblivious Amplitude Amplification

We can tune s by choosing
the number of segments r

This process is oblivious to
the system state Y

Applying operator A is
equivalent to implementing
U, = U on the initial state Y

Initial state to be amplified

1 ~ 1
W10) ) = - 10) T [4) + /1~ 5 16)
Fors=2.
. (T ~ s
W 10) ) = sin () 10) T [4) +cos () 10)
Therefore, after one iteration of Amplitude Amplification results in

A0)[¢) =10) U [4)
where, A = —-WRW'TRW

A = (Reflect about intial state) (Reflect about bad subspace) (State prep)
— (1 - 2W [0) [))((] O] W) (1 —2[0) (o)) (W)
= —W (L -2[0) OhwT (L -2[0){0) (W)
= —WRW'RW

Only valid when U is Unitary




Effect of Non-Unitarity

e Unitary operators are not closed under addition

e But if we are able to bound the error in U up to 0(8) then we can implement the
evolution operator with an error of O(¢) (where, € = 16)

For s # 2 and U being non-Unitary,

3. A
PALO} 19} = 10) (20 - 5000 ) )
If |s — 2| = O(8) and ||U — U,|| = O(8) then ||[UUT — 1|| = O(6) and

1PA0) |4) = 10) U |9y || = O(9)

Topics not discussed here:

Time-dependent Hamiltonians
Gate complexity of implementing the above discussed operators



Summary

Primary aim using a Quantum Computer
e Simulate Quantum systems
* Trotter-Suzuki algorithm
* Error scales polynomially

LCU
* Express time-dependent Hamiltonian in terms of Unitaries
* Break the Evolution operator into segments and approximate using Taylor expansion

e Implement each segment U
* Oblivious Amplitude Amplification

Effect of Non-Unitarity

Time-dependent Hamiltonians

Gate complexity



Benefits of LCU

* No special Hamiltonian form required

* Exponentially improved performance

For a d-sparse n-qubit Hamiltonian H acting for time t,

Number of queries to the Hamiltonian is of the order
7 log(7/€)
Ny = O
: (10g(10g(7/ €))
and an additional two-qubit gates of the order

Nauwx & O (gg(llzf((://:)))>

where, T == d2||H||waxt

Doubling the number of digits of accuracy only doubles the complexity !

* Not limited to Hamiltonian Dynamics, also used in Quantum Machine Learning, Thermal
state preparation, Quantum Differential Equation solvers, etc.



Can we do even better?



Qubitzation
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