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1 Products of permutations (2P)

For each pair of permutations, compute their products ρ = σ · τ and π = τ · σ. Deduce which are
commuting.

a) (0.5P)

σ =

(
1 2 3 4
2 3 4 1

)
τ =

(
1 2 3 4
4 3 1 2

)
b) (0.5P)

σ =

(
1 2 3 4
1 2 4 3

)
τ =

(
1 2 3 4
2 1 4 3

)
c) (0.5P)

σ =

(
1 2 3 4 5
1 4 2 3 5

)
τ =

(
1 2 3 4 5
5 2 3 4 1

)
d) (0.5P)

σ =

(
1 2 3 4 5 6
2 1 3 5 6 4

)
τ =

(
1 2 3 4 5 6
3 5 6 2 4 1

)

2 Inverse of Permutations (1.5P)

Compute the inverse σ−1 of the following permutations

a) (0.5P)

σ =

(
1 2 3 4 5 6
6 4 3 2 5 1

)
b) (0.5P)

σ =

(
1 2 3 4 5 6 7
5 2 3 7 6 4 1

)
c) (0.5P)

σ =

(
1 2 3 4 5 6 7 8
3 2 8 5 7 1 4 6

)

3 Cycle Decomposition of Permutations (2.5P)

For each permutation, find the cycle decomposition. Deduce the cycle structure and the number of
cycles.

a) (0.5P)

σ =

(
1 2 3 4 5 6
2 3 4 5 1 6

)
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b) (0.5P)

σ =

(
1 2 3 4 5 6 7
5 4 1 2 3 6 7

)
c) (0.5P)

σ =

(
1 2 3 4 5 6 7 8
7 4 5 2 1 6 3 8

)
d) (0.5P)

σ =

(
1 2 3 4 5 6 7 8 9
8 5 6 4 1 2 9 3 7

)
e) (0.5P)

σ =

(
1 2 3 4 5 6 7 8 9 10
8 2 4 9 10 5 7 6 3 1

)

4 Invariance of Cycle Structure under Conjugation (2 P)

Show that conjugation preserves the cycle structure of a permutation. That is, for any σ, π ∈ Sk,
prove that

λ(πσπ−1) = λ(σ).

5 Traces of Permutation Representation (5P)

Consider the natural representation Rσ of permutations σ ∈ Sk acting on H⊗k, with H a Hilbert
space of dimension d. Compute the trace

G(σ) ≡ tr(Rσ) (1)

of the following permutations using two different methods: 1) Using the definition of the trace, and
2) using graphical calculus.

a) (1P)
σ = (1, 4, 2)(3)

b) (1P)
σ = (1, 2)(3, 4, 5)

c) (1P)
σ = (1)(2, 6, 4, 3, 5)

d) (1P)

σ =

(
1 2 3 4 5 6 7
6 7 2 1 5 3 4

)
e) (1P)

σ =

(
1 2 3 4 5 6 7 8
3 8 5 2 4 1 7 6

)
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